Systems of Linear Equations

Last time, we found that solving equations such as Poisson’s
equation or Laplace’s equation on a grid is equivalent to solving a
system of linear equations.

There are many other examples where systems of linear
equations appear, such as eigenvalue problems. In this lecture,
we look into different approaches to solving systems of linear

equations (SLE’s).
SLE: X1 +apX, tapxs+--+a,Xx, =b,  nunknowns X

A3 X, + A3y Xy + AgXy +oo-+ag,x, =b; & and b, are known
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SLE’s

If m<n, there is not a unigue solution for the x’s
(underconstrained). If m>n, the system can be overconstrained
and usually the job is to find the best set {x} to represent the set if
equations. We will consider here square matrices m=n, with
detA=0, in which case the equations are linearly independent and

there is a unique solution.

Matrix representation:

—

AX=0>b
(an dip - aln\ (bl\
a a a b
A=l 22 on b= .2
\anl an2 Tt ann) \bn/
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SLE’s

Note that if the matrix is diagonal, then the solutions is easy:

(a;;, 0 - 0 Yx)\ (b)
Ay Ay - 0 | x, _ b,
\anl an2 ann/\xn/ \bn)
a, x; = b x;=b/ay
(bz_azlbl )
. b _ all
Ay X1+ aypXy, =0, Xy =
5%

Goal of ‘Gaussian elimination’ method is to bring A into this form.
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AX=b

(an dip - aln\('xl\ (bl\
dyy lyp 0 Uy, || X2 _ b,

\anl an2 ann/\xn) \bn/

Note:

1. Interchanging two rows of A and the same rows of b gives the
same set of equations.

2. Solution not changed if replace a row with a linear combination
iIncluding another row, as long as the b’s are treated in a

similar way. E.g., a; > ka; +k.a;, j=1-,n

b, — kb, + kb,

3. Interchanging two columns of A gives the same result if
simultaneously two rows of vector x interchanged.
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Gauss Elimination Method

. a
define [, = —
i

Transform A by subtracting /;,d, from row i where d; is the
transpose of row 1 .

/let\ ( Zilt )

~t —
7] d, — l,a
ol = Y or AV =L A where

(1 )
—l 1 0
L, =|-l 1 1s the Frobenius matrix
0
\— 1 1)
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Gauss Elimination Method
The result is /

ay dyp aln\
(1) (1)
A = 0 ay - a,
(1) (1)

\ O an2 nn)

now subtract a(l) / a ) times the second row from rows 3...n

AP =LAV =L LA

(1 0)
0 1
L,=|0 =, 1 where [, = a'}) /a})
o : 0 .
\0 -, 0 0 1)
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Gauss Elimination Method

Now have:
(011 dip, dps
(1) (1)
0 ay ap
(2) _ (2)
A= 0 0 ax5
L0 0 4y

aln )
(1)
a2n

(2)
a3n

(2)
An )

Keep going until have upper triangular matrix (n —1) steps

A(n_l) — Ln_an_z °° 'LIA — U

(”11 Upp Ups
0wy Uy

U=| 0 Uss
. 0 0 0
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Gauss Elimination Method

Note that:

(1

_121

_l31

\" lnl

and similarly for the other L;, so
L_ L _,--LA=U implies A=L'L,---L' U= LU,with

L:LIlLal'”Li_le—l: 131 132
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\lnl ln2
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(1
l,, 1
=1 I3 1
: 0
L1

n
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Gauss Elimination Method

l.e., the matrix A has been decomposed (LU decomposition) into
an upper triangular and a lower triangular matrix. The solution is
now easy.

A¥=LUx=b First solve Ly=b, thenUX=7y s0
Yi=0b
Yo =by =1y,

then going from the bottom

:yn

unn

Yn-1" X lUy_14

u

Xn

n—1
n—1n-—1

Winter Semester 2006/7 Computational Physics I Lecture 8 9



Gauss Elimination Method

(4 1 1 1Y x)\ (1)
1 4 1 1]x,| [1
1 1 4 1]x| [1
T 4kx,) \l

* Loop over the rows. The index i is the row which is not touched in this step
Do i=1,n-1

Take a concrete example:

Here is some code:

*

* For step i, we modify all rows j>i
Do j=i+1,n
*
* Loop over the column elements in this row. Perform linear transformation
* on matrix A. Keep the upper diagonal elements in A as we go. Also build
* up the lower diagonal matrix at the same time.
Lji=A(),D/A(i,D)
Do k=1,n
A(,K)=A(,K)-Lji*A(i,k)
Enddo
L(j,i)=Lji
Enddo
Enddo
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Gauss Elimination Method

4.00000 1.00000 1.00000 1.00000 1.00000 0.00000 0.00000 0.00000
A(1)= 0.00000 3.75000 0.75000 0.75000 | ()= 0.25000 1.00000 0.00000 0.00000
0.00000 0.75000 3.75000 0.75000 0.25000 0.00000 1.00000 0.00000
0.00000 0.75000 0.75000 3.75000 0.25000 0.00000 0.00000 1.00000
4.00000 1.00000 1.00000 1.00000 1.00000 0.00000 0.00000 0.00000
A(2)= 0.00000 3.75000 0.75000 0.75000 | ()= 0.25000 1.00000 0.00000 0.00000
0.00000 0.00000 3.60000 0.60000 0.25000 0.20000 1.00000 0.00000
0.00000 0.00000 0.60000 3.60000 0.25000 0.20000 0.00000 1.00000
4.00000 1.00000 1.00000 1.00000 1.00000 0.00000 0.00000 0.00000
AB)= 0.00000 3.75000 0.75000 0.75000 | 3)= 0.25000 1.00000 0.00000 0.00000

0.00000 0.00000 3.60000 0.60000
0.00000 0.00000 0.00000 3.50000

0.25000 0.20000 1.00000 0.00000
0.25000 0.20000 0.16667 1.00000
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Gauss Elimination Method

* Now build up the solution matrix
* First the vector y

Do i=1,n
y(i)=b(i) 1.00
Do j=1,i-1 _ 0.75
y()=y()-L(i,)*y() Y= o060
Enddo 0.50
Enddo '
* and now X
Do i=n,1,-1
=n,1, 0.14
x(i)=y(i) 0.14
Do j=i+1,n X= 0.14
X(1)=x(0)-A(1,j)*x() 014
Enddo '
x(i)=x(i)/A(,])
Enddo

It's good practice to check result. Is Ax=b ? Is A=LU ?
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Gauss-Jordan Elimination

The Gauss-Jordan method changes the matrix A into the diagonal
maitrix in one pass. First try, use 2. from P.4 to recast equations:

a
alj%a{j:— j=1234

238!

Then take the following linear combination:

' —a ks =a, kY
a; =4a; TRA; =4; TK;
ai

and choose k; such that

, —

— , —
a, =0=a; +ka;, =a; +k,
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Gauss-Jordan Elimination
(011 dip  dys a14Vx1\ ( b, )
Work with a 4x4 matrix to be Ay Gy, Qyy Gy || X,

concrete: —
Az d3p d3z A3y || X3 b,

_ _ \A41  Qap  Qy3  Ayq \ X4 \b4a“)
After the first step, our matrix looks like this

/1 al% as am/ ) ( b/ A
ap ap ap (xl\ ap
a a a b
0O a,,—a, 12 Ay — Aoy 13 a,, —d,; 14 b,—a,, |
20 — Ay aj 3= %1 Vg, 24 21 a, || % 27 %1 /g

a a a - b,
_ 12 _ 13 _ 14 X
0 ay —ay Al A3y — dg a, Ay, — g Al 3 by — a31/
X
a,, a,s ay \N4/
0 a,,—a a~—d A —d b —a
42 41 a 43 41 a 44 41 a 41
\ 11 11 11/ aq

Now we move on and make the second column look like the unit
matrix, and so on.
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Gauss-Jordan Elimination

’
anA -
v _ 27 2j .
2. a; = ay; —ap, %;2 i=134

3. b= b;—agz’% i=1,3,4

22

Note that first column is not affected:

a;,l — yl — O
ar

//_/_/a21 _/_/O 7 .
dip = 4d;1 =4 aéz_ail aiz%l' =a; 1=134
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Gauss-Jordan Elimination

After these two sets of transformations, we have

(1 0 ay ap\ x\ (b
0 1 ay ay| x| |bY
0 0 afy | x| |8
\0 0 ajy au)\xy) \b1)

Keep going until we have

1T 0 0 0) xl\ /b§4)\ (xl\ /bgm
0 1 0 Ofx,| |b" X, || BV
00 1 0fxl 1p®| 7 xal™|p®
3 b, 3 by
0 0 0 1TAx,) (BY) \xi) (BY)
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Gauss-Jordan Elimination

Algorithm looks like this:
1. Loop over the n columns. We want to turn the columns one at a time into the unit
matrix
2. For column k, we find the linear transformation on the rows which gives the
desired result (1 in row Kk, O in other rows)
a) Loop over the n rows and make the diagonal element a 1. For i=k, do this by
dividing every element in A(i,)) by A(k,k), where j is the column index and i is
the row index. Also need to divide b(i) by A(k,k)
b) For izk, make the element in column k a 0. We do this by subtracting
A(LK)*AK,)DIA(K,K) from A(l,j). For b(i), we subtract A(i,k)*b(k)/A(K,k)

Test matrices:

(4 1 1 1) 8 RS A 0
PR R b_lA:%/%% | !
Tl 14 AT I 7SN 700 7 73 B

1 1 1 4, 1 SR A2 0
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Start with A;:

First iteration

Second iteration

Third iteration

Fourth iteration
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Gauss-Jordan Elimination

4.00
1.00
1.00
1.00

1.00
0.00
0.00
0.00

1.00
0.00
0.00
0.00

1.00
0.00
0.00
0.00

1.00
0.00
0.00
0.00

1.00
4.00
1.00
1.00

0.25
3.75
0.75
0.75

0.00
1.00
0.00
0.00

0.00
1.00
0.00
0.00

0.00
1.00
0.00
0.00

1.00
1.00
4.00
1.00

0.25
0.75
3.75
0.75

0.20
0.20
3.60
0.60

0.00
0.00
1.00
0.00

0.00
0.00
1.00
0.00

1.00
1.00
1.00
4.00

0.25
0.75
0.75
3.75

0.20
0.20
0.60
3.60

0.17
0.17
0.17
3.50

0.00
0.00
0.00
1.00

1.00
b, 1.00
1.00
1.00

0.25
0.75
0.75
0.75

0.20
0.20
0.60
0.60

0.17
0.17
0.17
0.50

0.14
0.14
0.14
0.14
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Gauss-Jordan Elimination

We can use the same transformations to get the inverse of A:

AAT' = E
now suppose the transformation of A to E consists
of the following steps:
I, T.,T,TTA=FE
Apply to the equation above
T,T.T,T AA~' = T, T\,T,T,E
or

~1 ~1
EA'= A" =T, T,T,T.E
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Gauss-Jordan Elimination

_ _ 1.00000 0.00000 0.00000 0.00000

Let’s try it on the previous example:  0.00000 1.00000 0.00000 0.00000
0.00000 0.00000 1.00000 0.00000

0.00000 0.00000 0.00000 1.00000

0.25000 0.00000 0.00000 0.00000
After T, -.25000 1.00000 0.00000 0.00000
-.25000 0.00000 1.00000 0.00000
-.25000 0.00000 0.00000 1.00000

0.26667 -.06667 0.00000 0.00000
-.06667 0.26667 0.00000 0.00000
After T, -.20000 -.20000 1.00000 0.00000
-.20000 -.20000 0.00000 1.00000

0.27778 -.05556 -.05556 0.00000
After T, -.05556 0.27778 -.05556 0.00000
-.05556 -.05556 0.27778 0.00000
-.16667 -.16667 -.16667 1.00000

After T 0.28571 -.04762 -.04762 -.04762
4 _.04762 0.28571 -.04762 -.04762
-.04762 -.04762 0.28571 -.04762

-.04762 -.04762 -.04762 0.28571
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With A,:

Start to see
rounding Issues:
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1.00000
0.50000
0.33333
0.25000

1.00000
0.00000
0.00000
0.00000

1.00000
0.00000
0.00000
0.00000

1.00000
0.00000
0.00000
0.00000

1.00000
0.00000
0.00000
0.00000

0.50000
0.33333
0.25000
0.20000

0.50000
0.08333
0.08333
0.07500

0.00000
1.00000
0.00000
0.00000

0.00000
1.00000
0.00000
0.00000

0.00000
1.00000
0.00000
0.00000

0.33333
0.25000
0.20000
0.16667

0.33333
0.08333
0.08889
0.08333

-.16667
1.00000
0.00556
0.00833

0.00000
0.00000
1.00000
0.00000

0.00000
0.00000
1.00000
0.00000

Gauss-Jordan Elimination

0.25000
0.20000
0.16667
0.14286

0.25000
0.07500
0.08333
0.08036

-.20000
0.90000
0.00833
0.01286

0.05000
-.60000
1.50000
0.00036

0.00000
0.00000
0.00000
1.00000

Computational Physics 1

1.00
1.00
1.00
1.00

1.00
0.50
0.67
0.75

-2.00
6.00
0.17
0.30

3.00
-24.00
30.00
0.05

-4.00
59.99
-179.99
139.99
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Gauss-Jordan Elimination

As a check, we calculate the result for x for different initial
matrices. Use matrices of the form A,:

- 1
Toi+ -1

Try different size square matrices. Should give us our initial vector
b. Find that start into mumerical problems with n=m=10.

Single precision calculation. All values should be 1.

0.971252441 0.977539062 0.981124878 0.983856201 0.985870361
0.987503052 0.988098145 0.989746094 0.99067688 0.991607666

Double precision calculation. All values are =1.
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Gauss-Jordan Elimination

Check 100x100 matrix double precision

0.999999987 0.999999987 0.999999988 0.999999988 0.999999988 0.999999989

0.999999989 0.999999989 0.999999989 0.99999999 0.99999999 0.99999999
0.99999999 0.999999991 0.999999991 0.999999991 0.999999991 0.999999991
0.999999992 0.999999992 0.999999992 0.999999992 0.999999992 0.999999992
0.999999993 0.999999993 0.999999993 0.999999993 0.999999993 0.999999993
0.999999993 0.999999993 0.999999993 0.999999994 0.999999994 0.999999994
0.999999994 0.999999994 0.999999994 0.999999994 0.999999994 0.999999994
0.999999994 0.999999994 0.999999995 0.999999995 0.999999995 0.999999995
0.999999995 0.999999995 0.999999995 0.999999995 0.999999995 0.999999995
0.999999995 0.999999995 0.999999995 0.999999995 0.999999995 0.999999995
0.999999996 0.999999996 0.999999996 0.999999996 0.999999996 0.999999996
0.999999996 0.999999996 0.999999996 0.999999996 0.999999996 0.999999996
0.999999996 0.999999996 0.999999996 0.999999996 0.999999996 0.999999996
0.999999996 0.999999996 0.999999996 0.999999996 0.999999996 0.999999996
0.999999996 0.999999996 0.999999997 0.999999997 0.999999997 0.999999997
0.999999997 0.999999997 0.99999999/7 0.999999997 0.999999997 0.999999997
0.999999997 0.99999999/7 0.99999999/7 0.999999997

Looks pretty good. However, there are cases where this simple

Gauss-Jordan technique does not work so well.
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Pivoting

What if the diagonal element which we divide by is very small or
zero ? (The element we divide by is called the pivot). This
obviously causes problems. Resolved by a technique called
pivoting (exchanging rows and columns).

Partial pivoting - exchange rows in the region which have not yet
been transformed to the unit matrix.

Full pivoting - exchange rows and columns.

These tricks are allowed according to the rules we stated on
pages 4,5.
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Partial Pivoting

Algorithm looks like this:
1. Loop over the n columns. We want to turn the columns one at a time into the unit

matrix. Use the index k to specify which column element we want to turn into a 1.

2. For each value of k, we loop over the rows i>k and look for the maximum value

A(l,k). The row i which gives this maximum is swapped with row k. Use an index

vector to keep track of the permutations Ind(i)=row which is to be considered as it

row.
3. Find the linear transformation:

a) Loop over the n rows and make the diagonal element a 1. For Ind(i)=k, do this
by dividing every element in A(Ind(i),j) by A(Ind(i),k), where j is the column
index and Ind(i) is the row index. Also need to divide b(Ind(i)) by A(Ind(i),k)

b) For Ind(i)#2k, make the element in column k a 0. We do this by subtracting
A(Ind(i),K)*A(Ind(k),))/A(Ind(k),k) from A(Ind(i),j). For b(i), we subtract
A(Ind(i),K)*b(Ind(k))/A(Ind(k),k)
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Example:
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1.00000
0.50000
0.33333
0.25000

1.00000
0.00000
0.00000
0.00000

1.00000
0.00000
0.00000
0.00000

1.00000
0.00000
0.00000
0.00000

1.00000
0.00000
0.00000
0.00000

0.50000
0.33333
0.25000
0.20000

0.50000
0.08333
0.08333
0.07500

0.00000
1.00000
0.00000
0.00000

0.00000
1.00000
0.00000
0.00000

0.00000
1.00000
0.00000
0.00000

0.33333
0.25000
0.20000
0.16667

0.33333
0.08333
0.08889
0.08333

-.16667
1.00000
0.00556
0.00833

0.00000
0.00000
0.00000
1.00000

0.00000
0.00000
0.00000
1.00000

Partial Pivoting

0.25000
0.20000
0.16667
0.14286

0.25000
0.07500
0.08333
0.08036

-.20000

0.90000
0.00833
0.01286

0.05714
-.64286
-.00024
1.54286

0.00000
0.00000
1.00000
0.00000

Computational Physics 1

1.00
1.00
1.00
1.00

1.00
0.50
0.67
0.75

-2.00
6.00
0.17
0.30

4.00
-30.00
-0.03

36.00

-4.00
60.00
139.99
-179.99
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Exercizes

1. Solve for x in Ax=b using the LU decomposition method

1
a.. = b: ]
Yoi+j+1 i

2. Do it again with the Gauss-Jordan method

3. (more difficult). Now try

aij:i_jéi,j bj:j

You will need to use pivoting.
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